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a b s t r a c t

In the Markowitz paradigm the portfolio having maximum Sharpe ratio is optimal. Previously the large
sample distribution of this statistic has been calculated when short sales are allowed and sample returns
and covariance matrix are asymptotically normally distributed. This paper considers the more complex
situation when short sales are not allowed, and provides conditions under which the maximum Sharpe
ratio is asymptotically normal. This is not always the case, as we show, in particular when the returns
have zero mean. For this situation we obtain upper and lower asymptotic bounds (in distribution) on
the possible values of the maximum Sharpe ratio which coincide when the returns are asymptotically
uncorrelated. We indicate how the asymptotic theory, developed for the case of no short sales, can be
extended to handle amore general class of portfolio constraints defined in terms of convex polytopes. Via
simulations we examine the rapidity of approach to the limit distributions under various assumptions.
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1. Introduction

The Markowitz (1952, 1991) portfolio allocation procedure is a
cornerstone of modern Finance theory and practice. The quantifi-
cation of the trade-off between risk and return as defined in terms
of means, variances and covariances of asset returns, and the re-
sulting construction of efficient portfolios and the efficient fron-
tier, led to the fundamental ideas of diversification and the Capital
Asset Pricing Model.

Since its inception, the Markowitz idea has spawned an enor-
mous literature and been developed in many ways. Among early
contributors were Merton (1952) and Sharpe (1963). Merton
showed how optimal selection in the presence of a risk-free asset
leads to the two-fund separation theorem: that all optimal port-
folios will be a mixture of the risky assets together with the risk-
free asset, combined in such a way as to maximise the ‘‘Sharpe ra-
tio’’ among all possible portfolios. In other words, the optimisation
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inherent in the Markowitz procedure can be recast as the selec-
tion of a portfolio maximising the Sharpe ratio. Merton’s analy-
sis is restricted to the case when short sales are allowed; but the
alternative case when short selling is not allowed, on which we
concentrate herein, is just as important. Superannuation fund in-
vestments, for example, are usually restricted in this way.

In practice, means, variances and covariances of asset returns
must be estimated from data, with inevitable errors of estimation
which will be transmitted to properties of the optimal portfolio,
including the optimal Sharpe ratio. This is well understood of
course in the finance literature.1 The Sharpe ratio is closely related
to Hotelling’s multivariate T -statistic and should have attracted
the attention of statisticians for this reason. However, important
aspects have been neglected until recently. The reason for this is
that the optimisation procedure is highly nonlinear and analysis of
its statistical properties is nontrivial. The intention of the present
paper is to fill some of the gaps remaining in determining the large-
sample distribution of the maximum Sharpe ratio, with a focus on
the situation when short sales are not allowed.

1 See, for example, Kan and Zhou (2007), Garlappi et al. (2007), Kan and Smith
(2008), and DeMiguel et al. (2009).
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In the next section we set out the problem specifics and
provide some further background. Following this, in Section 3,
assumptions are specified precisely; in particular, asymptotically
normal estimators of the mean vector and covariance matrix
are supposed to be available. The main results concerning large
sample distributions are also set out in Section 3. The subsequent
Section 4 reports on simulations where we examine the rapidity of
approach to the limit distributions both when the assumptions are
satisfied and when they are relaxed in a couple of ways. Section 5
provides a discussion and summary of the implications, and some
of the advantages and drawbacks, of the analyses. Proofs of the
theoretical results are in Section 6, and some examples are in
Section 7. Some supplementary results comparing portfolios with
short sales allowed or disallowed are in Section 8.

2. Fundamentals

The population parameter µ represents a d-vector of mean
excess returns on d assets,2 and the population parameter Σ is a
symmetric positive definite d× dmatrix which quantifies in some
way the risks associatedwith the assets. Also available are statisticsµn, an estimate of µ calculated from a sample of size n, and Σn, a
sample estimate of Σ .

The value of a portfolio of d ≥ 2 assets is obtained as a linear
combination with weights x = (x1, . . . , xd) of the asset returns.
Theweight xj signifies the portion of a total quantity of 1 unitwhich
is allotted to asset j, j = 1, 2, . . . , d. The Markowitz (1952, 1991)3
optimal allocation procedure requires choosing x so as to obtain
themaximum return/risk tradeoff among all possible portfolios, or,
equivalently, to find the portfolio with maximal Sharpe ratio.

The population Sharpe ratio for the portfolio specified by x is
given by

xTµ
√
xTΣx

. (2.1)

Sharpe (1963), and the maximised (population) Sharpe ratio can
then be written as

SRC
= sup

x∈C


xTµ

√
xTΣx


. (2.2)

Maximisation in (2.2) takes place over a subset C of vectors x in Rd,
which is commonly taken to be one of two versions4:

C = CA =

x ∈ Rd, iT x = 1


(2.3)

or

C = C+ =

x ∈ Rd, x ≥ 0, iT x = 1


. (2.4)

In CA, elements of x may be negative; we say ‘‘short sales are
allowed’’. In C+, elements of xmust be nonnegative; we say ‘‘short
sales are disallowed’’. Both situations are very relevant to financial
practice.

The maximum Sharpe ratio is important both for the allocation
of resources and as a benchmark for portfolio performance. As
advocated by Sharpe (1994), we maximise the ratio in (2.2) with
respect to sign, as opposed to taking the absolute value or square.

2 A risk free asset is assumed to exist, and, throughout, returns will be assumed
excess of the prevailing risk-free rate.
3 See also Korn (1997) for general background in portfolio allocation (including

variants of the Markowitz paradigm).
4 Throughout, ‘‘T ’’ denotes a transpose and i is a vector of 1s whose length is

defined by its context. Inequalities among vectors are interpreted componentwise.
Rd is d-dimensional Euclidean space; R is the real line. As in (2.3) and (2.4), C will
always entail the total allocation condition iT x = 1.
The sample version corresponding to (2.2) is

SRC
n := sup

x∈C


xTµn
xTΣnx


. (2.5)

The maximum Sharpe ratio is frequently used to discriminate
amongst competing portfolios. With this in mind, it is vital to
understand how the uncertainty of estimation of µ and Σ is
propagated to that of SRC , or, more generally, how the distribution
of SRC

n depends on those ofµn and Σn.
When C = CA, we abbreviate SRCA and SRCA

n to SRA and SRA
n , and

similarly write SR+ and SR+

n for SRC+ and SRC+

n .
An ambitious programme would be to assume an asymptotic

distribution for (µn, Σn), jointly, as n → ∞, and use it to calculate
the large sample distribution of SRC

n . It would be natural at first to
assume joint asymptotic normality ofµn and Σn. This programme
was commenced in Maller et al. (2010) [hereafter, throughout:
MDJ (2010) ], where the large-sample distribution of themaximum
Sharpe ratio was calculated in the case where short sales are
allowed in the portfolio (C = CA in (2.3) and (2.5)).

In the present paper, we continue this project by calculating,
under some conditions, the corresponding distributionwhen short
sales are not allowed. This is achieved by reference back to the
short sales allowed case, and for this our first task (in Section 3.1)
is to correct an omission (an overlooked case) in MDJ (2010).

Casual conjecture might suggest that the asymptotic normality
of µn and Σn as sample size n grows will carry through to the
asymptotic normality of the sample versions of SRA or SR+. But the
maximisation inherent in the definition (2.2) precludes the routine
use for example of a deltamethod to transfer asymptotic normality
of sample estimates of µ and Σ to SRA

n and SR+

n , and these in fact
are not asymptotically normal in general; in particular, this occurs
when µ = 0, a case which presents special features. Delineating
the various possibilities provides insights into the construction
and behaviour of the optimal portfolios and has application to the
analysis of some important features of financial data. We discuss
these aspects in more detail below. The understanding we gain of
the no short sales scenario further allows the asymptotic theory to
be extended to amore general class of portfolio constraints defined
in terms of convex polytopes.

3. Asymptotic results

Assume thatµn and Σn are consistent for the unknown popula-
tion parametersµ andΣ , and asymptotically normally distributed
around them. For consistency of estimation5 we require

µn
P

→ µ and Σn
P

→ Σ, as n → ∞. (3.1)

For much of our analysis it is not required that Σn be, or be con-
nected to, the covariance matrix of the returns; for example, it
could be constructed by robust methods or a shrinkage procedure.SRC

n is always a consistent estimator of SR under (3.1), as
shown in Maller et al. (2005).6 As mentioned above, general
considerations might suggest that the asymptotic distribution ofSRC

n is normal whenµn and Σn are jointly asymptotically normal,

5 The notation ‘‘
P

→’’ represents elementwise convergence in probability for

both vectors and matrices. The notation ‘‘
D

→’’ will represent joint convergence in
distribution for all elements of a vector or matrix.
6 This result is not completely straightforward, owing to the fact that the

supremum in (2.2) can occur at infinite values of x when short sales are allowed
(e.g., Maller and Turkington, 2002).
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but this is not so in general, and especially when µ = 0 (both
for CA and C+). Furthermore, despite its ‘‘self-normalised’’ form
(which is the case, at least, whenΣn is the covariancematrix ofµn),
the asymptotic distribution of SRC

n generally depends on unknown
parameters. We discuss the ramifications of these results later.

To state our results we need some more notation and
assumptions (these are taken to be consistent with MDJ (2010)).
Strengthen (3.1) by assuming the joint convergence
√
n
µn − µ, vec(Σn − Σ)

 D
→ N(0, ξ), as n → ∞. (3.2)

Here the function vec(·) stacks the columns of a d × d symmetric
matrix to form a d2 × 1 vector, cf., e.g., Magnus and Neudecker
(1999, p.30), Turkington (2002), and N(0, ξ) is a multivariate
normal random vector with mean 0 and covariance matrix ξ . The
matrix ξ can be written as

ξ =


V G
GT H


, (3.3)

with V a d×d positive definitematrix andH a d2×d2 non-negative
definite matrix. The (d+d2)× (d+d2) symmetric matrix ξ is non-
negative definite but singular, because of the duplicated elements
in the vec in (3.2). However, as in MDJ (2010), this does not cause
issues for our analysis.

3.1. Short sales allowed: Asymptotic distribution of SRA
n

Our first task is to amend Theorem 1 of MDJ (2010). We need
the matrix

B :=


1 −1 0 . . . 0 0
0 1 −1 . . . 0 0
...

...
...

0 0 0 . . . 1 −1


(d−1)×d

. (3.4)

Throughout, let χ2
m denote a chisquare random variable with m

degrees of freedom, m = 1, 2, . . . , with χ2
0 ≡ 0. The amended

Theorem 1 of MDJ (2010) is as follows:

Theorem 3.1. Assume (3.2) holds, and suppose the matrix V in (3.3)
equals Σ , so

√
n(µn − µ) has asymptotic covariance matrix Σ .

(i) Suppose µ ≠ 0.
(a) Suppose in addition iTΣ−1µ ≥ 0. Then

√
n(SRA

n − SRA)
D

→ N(0, σ 2
A ), as n → ∞, (3.5)

where σ 2
A is given in Eq. (6.12).

(b) Alternatively suppose iTΣ−1µ < 0 and Bµ ≠ 0where B is the
matrix in (3.4). Then
√
n(SRA

n − SRA)
D

→ N(0, σ 2
B ), as n → ∞, (3.6)

where σ 2
B is given in Eq. (A.18) of MDJ (2010).

(c) Suppose iTΣ−1µ < 0 and Bµ = 0. Then

√
n
SRA

n − SRA


=
√
nSRA

n
D

→


χ2
d−1, as n → ∞. (3.7)

(ii) Suppose µ = 0. Then
√
nSRA

n
D

→ χ∗

d , as n → ∞, (3.8)

where χ∗

d is a 50–50 mixture of the square root of a χ2
d random

variable and the square root of a χ2
d−1 random variable; that is, for

x ≥ 0,

P

χ∗

d ≤ x


=
1
2
P


χ2
d ≤ x


+

1
2
P


χ2
d−1 ≤ x


. (3.9)
Remarks. The case (i)(c) of Theorem 3.1 was overlooked in MDJ
(2010).7 (3.7) is proved in Section 6.1, where a formula for SRA due
to Maller and Turkington (2002) is given (see Eq. (6.1)). Note that
Bµ ≠ 0 if and only if µ has at least two distinct elements, that is,
not all assets have the same expected (excess) mean returns. We
use Eq. (6.1) to prove the following corollary of Theorem 3.1 (proof
is in Section 6.1).

Corollary 3.1 (Short Sales Allowed). Assume (3.2) holds, and suppose
the matrix V in (3.3) equals Σ . Then

√
n
SRA

n − SRA

has a proper

non-degenerate asymptotic distribution which is Normal if and only if
SRA

≠ 0.

Next we turn to the no short sales case.

3.2. Short sales disallowed: Asymptotic distribution of SR+

n

We again need to consider separately cases when µ ≠ 0 and
µ = 0. Our first theorem in this subsection dealswith the caseµ ≠

0. When short sales are not allowed in the portfolio, optimisation
is over the simplex C+ and there are no explicit formulae for SR+

or SR+

n . If those assets that are redundant in the population, in
the sense that they do not appear in the optimal portfolio, were
known, they could be discarded from the analysis and the results
of Theorem 3.1 used to get the asymptotic distribution of SR+

n . Part
(i) of Theorem 3.2 deals with this situation. But in the sample we
do not have this population information so we need to formulate
a result which gives the asymptotic distribution without assuming
the redundant assets are known. Part (ii) of Theorem 3.2 gives such
a result.We discuss the implications in a remark after the theorem.
We remark that, whereas SRA is never negative (see Eq. (6.1) of
Section 6), SR+ can be negative; for example when all components
of µ are negative.

Theorem 3.2. Define SR+

n by (2.5) with C = C+ as in (2.4), keep
d ≥ 2, and assume (3.2) and (3.3) hold with µ ≠ 0 and V = Σ

in (3.3).
(i) Assume that redundant assets have been discarded, so all appear
in the population optimal portfolio with positive weights. Then

√
n(SR+

n − SR+)
D

→N(0, σ 2
A ), as n → ∞, (3.10)

where σ 2
A > 0 is given by equation (6.12).

(ii) The results in Part (i) apply when the population optimal portfolio
may contain redundant assets, provided we assume no element of µ
is 0, all elements of µ differ, no element of Σ−1µ is 0, and iTΣ−1µ ≠

0. Then (3.10) holds as stated, with the variance σ 2
A in (3.10) replaced

by a finite positive variance8 defined in terms of a reducedmean vector
and covariance matrix corresponding to non-redundant assets.

Remarks. Based only on sample information, we do not know
which assets are redundant in the population. In Theorems 3.1
and 3.2 our assumptions are placed only on µ and Σ and
hence are testable by standard statistical methods. Part (ii) of
Theorem 3.2 allows for the possibility that an unknown group of
assets have zero allocations in the population optimal portfolio.
The assumption in Part (ii), that all elements of µ differ, rules out
the possibility that BGµG = 0 (where the subscript ‘‘G’’ refers to B
as in (3.4) and µ calculated in the subgroup), in which case there

7 Notice that σ 2
B in Eq. (A.18) of MDJ (2010) is only well defined when Bµ ≠ 0.

8 A formula for the asymptotic variance is given following (6.17). The reduced
µ is assumed to contain at least 2 elements; the univariate case gives asymptotic
normality under our assumptions, so we eliminate it throughout.
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would be a non-normal limit for
√
nSR+

n as shown in Theorem 3.2.
The other assumptions in Part (ii) are introduced for technical
reasons and may not be necessary.

When the assets which are redundant in the population are
assumed known, more specific results can be deduced by applying
the results of Theorems 3.1 and 3.3 to portfolios comprised of those
assets. If this procedure produces m < d, say, non-redundant
assets in the population, with mean returns and covariance matrix
denoted by µ(m) and Σ(m), the results of Theorems 3.1 or 3.3
can be applied by checking the various cases. For example, if the
reduced µ has all elements equal to zero, Theorem 3.3 is relevant;
this situation is illustrated in Example 3 of Section 7.

We next consider the casewhenµ = 0, short sales not allowed.
The case µ ≠ 0 is probably the most realistic one, since there
is usually a (positive) risk premium incorporated in the value of
a stock. But not infrequently this is found to be insignificant in
practice and for completeness we analyse the case when µ = 0
too.

We need some additional notation. Let N = (N1, . . . ,Nd) be
a standard normal random vector, thus N = N(0, Id), where Id is
the d × d identity matrix. Let Φ(a) =

 a
−∞

e−y2/2dy/
√
2π , a ∈ R,

denote the standard normal cumulative distribution function (cdf),
thus, the distribution of each Nj, j = 1, , 2, . . . , d. We also need a
random variable Sd having cdf

P (Sd ≤ a) =
1
2d

d
m=0


d
m


P


χ2
m ≤ a


+ Φd(a)1{a<0}, a ∈ R. (3.11)

(1A denotes the indicator of a condition A.) Let M1/2 denote
the symmetric square root of a positive definite matrix M (with
positive elements on the diagonal). With Σ = (σjk) and Σn =

(σnjk), 1 ≤ j, k ≤ d, setΣ = diag(σ11, . . . , σdd) and Σn = diag(σn11, . . . ,σndd), (3.12)

and let

R = Σ−1/2ΣΣ−1/2 (3.13)

be the normalised Σ (correlation matrix if Σ is a covariance
matrix). We introduce the following class of correlation matrices:

Properties P±. A matrix R is said to have Property P+ if

R1/2y ≥ 0 for all y ∈ Rd, y ≥ 0, |y| = 1. (3.14)

It has Property P− if

R−1/2y ≥ 0 for all y ∈ Rd, y ≥ 0, |y| = 1, (3.15)

where R−1/2
= (R−1)1/2.

By ‘‘stochastically smaller’’ in Theorem 3.3 wewill mean that Td
takes smaller values than a with higher probability than Sd does;
i.e., P(Td ≤ a) ≥ P(Sd ≤ a) for real a. Otherwise stated, Sd is an
upper bound in distribution for Td. ‘‘Stochastically larger’’ means
P(Td > a) ≥ P(Sd > a) for real a.

Theorem 3.3. Define SR+

n by (2.5) with C = C+ as in (2.4), keep
d ≥ 2, and assume (3.2) with µ = 0. Assume in addition that
√
nµn has asymptotic covariance matrix Σ ; thus,

√
nµn

D
→N(0, Σ)

as n → ∞. Then, as n → ∞,
√
nSR+

n converges in distribution to a
limiting random variable Td.

(a) Suppose that R (in (3.13)) has Property P+. Then Td is stocha-
stically smaller than the random variable Sd having the distribution
in (3.11).
(b) Suppose that R (in (3.13)) has Property P−. Then Td is stocha-
stically larger than the random variable Sd having the distribution
in (3.11).

(c) If R = Id, then Td has the same distribution as Sd, so
√
nSR+

n
D

→ Sd as n → ∞.

Remark 1. In Section 6.5 we indicate briefly some of the
difficulties in extending the no-short-sales analysis when µ = 0
beyond that in Theorem 3.3.

Equicorrelation matrices. Properties P hold in a large class of
correlation matrices, namely, equicorrelation matrices. A d × d
equicorrelation matrix is of the form

R(ρ) = (1 − ρ)Id + ρJd, (3.16)

where−1 < ρ < 1 and the notation Jd denotes a d×dmatrix with
each element equal to 1.

The equicorrelation matrix is of considerable importance in
practice. A recent paper of Engle and Kelly (2012) employs such
a matrix and a more general ‘‘block equicorrelation matrix’’ for
modelling time series of asset prices. They show that theirs is a
superior model for forecasting out-of-sample optimal portfolios
compared with the equicorrelation procedure suggested by Elton
and Gruber (1973) and Elton et al. (1976).

Proposition 3.1. Property P+ holds if R is of the form (3.16) with
ρ ≥ 0. Property P− holds if ρ ≤ 0.

Expected Value of Sd. We can give a quite explicit expression for
the expected value of Sd in (3.11). A calculation using that χ2

m has
density

fχ2
m
(x) =

xm/2−1e−x/2

2m/2Γ (m/2)
, x > 0, m = 1, 2, . . . ,

gives

E(Sd) =

√
2

2d

d
m=1


d
m


Γ (m

2 +
1
2 )

Γ (m
2 )

−


∞

0
(1 − Φ(x))ddx. (3.17)

(Recall that Φ(x) denotes the standard normal cdf.) Replacing the
term Γ (m

2 +
1
2 )/Γ (m

2 ) by 1 in (3.17) gives a lower bound

E(Sd) ≥
√
2

1 −

1
2d−1


, (3.18)

which for d ≥ 2 is no smaller than 1/
√
2. ((3.18) is proved in

Section 6.4.) Thus, the expected value of Sd in (3.11) is positive.
Of course SR+

= 0 in this µ = 0 situation, so E(S+

d ) > SR+.
This reflects positive bias in SR+

n , consistent with Proposition 1 of
Maller et al. (2005), who demonstrate the bias theoretically and
practically. The bias is discussed further in Section 5.3.

Remarks. When µ = 0, we see from (3.11) that the limiting ran-
dom variable of

√
nSRn can be negative with positive probability

when short sales are disallowed. But the probability that Sd ≤ 0
is no larger than 2−d when Theorem 3.3(c) applies, and becomes
negligible as the number of assets d grows large.
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3.3. Extension to bounded convex polytopes

Theorems 3.2 and 3.3 can be extended to cover certain kinds
of constraints defined in terms of convex polytopes in Rd. To see
this, let C0 ⊆ C+ be a closed convex polytope in C+. It has a finite
number K of extreme points e1, e2, . . . , eK , say, inRd, which can be
regarded as specifying portfolios comprised of linear combinations
of the original d assets. Themean excess returns on these portfolios
are the corresponding linear combinations of the elements of µ,
and form a vector µK

∈ RK . Denote by ΣK the corresponding
K × K covariance matrix. To rule out degenerate cases we assume
K ≤ d and ΣK is positive definite. The ej, j = 1, 2, . . . , K , are
assumed known. Any portfolio x ∈ C0 can be written as a convex
combination x = a1e1 + a2e2 + · · · + aK eK of the extreme points,
where aj ≥ 0, j = 1, 2, . . . , K , and a1 + a2 + · · · + aK = 1.
Maximisation over x ∈ C0 is equivalent to maximisation over
vectors a = (a1, . . . , aK ) ∈ RK with a ≥ 0 and iTa = 1. Thus
the maximum Sharpe ratio for portfolios with constraints C0 is

SR+

0 := sup
x∈C0


xTµ

√
xTΣx


= sup

{a∈RK : a≥0, iT a=1}


aTµK

√
aTΣKa


.

This is of the form of a population Sharpe ratio, as in (2.2),
maximised with a no-short-sales constraint. Under assumption
(3.2), sample estimates of µK and ΣK constructed in the obvious
way fromµn and Σn are also asymptotically normal. Consequently
Theorems 3.2 and 3.3 can be applied directly to the corresponding
sample version of SR+

0 to obtain its asymptotic distribution under
the stated conditions.

As an example, a superannuation company is required to invest
no more than 50% of its allocation in one of 3 specified assets with
no short sales allowed. The constraint set is

C0 := {x = (x1, x2, x3) ∈ R3
: x1 + x2 + x3 = 1,

0 ≤ xj ≤ 1/2, j = 1, 2, 3}.

The extreme points are e1 = (1/2, 0, 0), e2 = (0, 1/2, 0), e3 =

(0, 0, 1/2), and the corresponding mean vector and covariance
matrix are µK

= µ/2 and ΣK
= Σ/4. The corresponding ξ

in (3.2) is easily computed if for example returns are assumed
normally distributed. Assuming µK

≠ 0, these quantities can then
be substituted for µ, Σ and ξ in Eq. (6.12) of Section 6 to get
asymptotic normality as in (3.10) for the corresponding sample
Sharpe ratio. We conclude this section by noting that in practice
portfolio constraints may well involve polytopes in which the
number of vertices K is much smaller than the number of assets
d, which can be quite large.

3.4. A large number of assets

Theorems 3.2 and 3.3 give the large-sample distribution of SRn
for a fixed value of d. We can investigate further the situation in
Theorem 3.3 when the number of assets available for investment
becomes large. Our final theorem shows that the limit distribution
of

√
nSR+

n (when n → ∞) in the case µ = 0 with the
assets asymptotically uncorrelated, converges to the normal as
the number of assets available for investment is increased (i.e., as
d → ∞).

Theorem 3.4. The distribution of Sd in (3.11) tends to the Normal, as
d → ∞; more precisely, Sd −

√
d/2

D
→N(0, 5/8) as d → ∞.

4. Simulations

In this sectionwe explore the finite sample distributions of SR+

n .
Specifically,we are interested in how rapidly, as a function ofn, SR+

n
converges to its asymptotic distribution. In the simulations returns
are distributed as N(µ, Σ) (also as a Student’s t distribution with
5 degrees of freedom in Section 4.2) and the asset return variances
are taken as 1, so the covariance matrix Σ is set equal to the
correlation matrix R. Three forms for the covariance matrix Σ are
considered: (1) Id (uncorrelated returns); (2) Σ1(ρ) := (σij) =

ρ |i−j| (decreasing correlation returns); and (3) Σ2(ρ) := (σij) =

ρ1{i≠j} (equicorrelation matrix), with |ρ| < 1. Negative values
of ρ are allowed so we can investigate diversification effects for
positively and negatively correlated asset returns.

4.1. The sampling distribution of SR+

n when µ ≠ 0

In this subsection, we report simulations in which a value of
µ ≠ 0 was selected, then fixed, as a realisation of a N(0.5, 1)
random variable. Its components thus take both positive and
negative values. A sample of (excess) returns were then generated
as N(µ, Σ), where the covariance matrix Σ assumed each of the
three forms introduced above: as Id, as Σ1(ρ = −0.75), or as
Σ2(ρ = 0.75). The latter two forms of the covariance matrix
allow for negative correlations and constant positive correlations
between asset returns, respectively. It is important to remember
that the asymptotic distribution (3.10) holds for general covariance
matrix types such as Σ1(ρ) and Σ2(ρ).

Fig. 1 depicts the resulting sampling distributions of
√
n(SR+

n −

SR+) for various values of n, d and Σ in this µ ≠ 0 situation,
together with the corresponding asymptotic distribution as given
by (3.10). The values of SR+ for the simulations depicted in Fig. 1(a)
to Fig. 1(f) are 3.30, 10.26, 7.55, 22.82, 2.30, and 2.89, respectively.
The number of assets with a population optimal allocation xj > 0
for the simulations depicted in Fig. 1(a) to Fig. 1(f) are 7, 75, 8, 86,
2, and 3. Figs. 1(a), 1(c) and 1(e) illustrate that for a small number
of assets (d = 10) the asymptotic distribution of (3.10) is closely
approached once n ≥ 250, irrespective of the form of Σ . However,
from Figs. 1(b), 1(d) and 1(f), it is clear that for a large number
of assets (d = 100) the speed of the approach to the asymptotic
distribution (3.10) is heavily dependent on Σ and further that SR+

n
can be significantly biased even for quite large values of n.

The rapid approach for Σ2(ρ) (with ρ = 0.75 and d =

100) is due to the fact that only three assets (of 100) had a
population optimal allocation xj > 0; there is little to be gained
from diversification when all assets have high positive correlation.
Alternatively, whenΣ = Id orΣ = Σ1(ρ) (withρ = −0.75) there
is much to be gained from diversification; in these cases 75 and 86
assets, respectively, had a population optimal allocation xj > 0.

It is important to note that, for the situations depicted in
Figs. 1(a), 1(b), 1(c) and 1(d), the population maximum Sharpe
ratios are higher (3.30, 10.26, 7.55, 22.82), often considerably
higher, than in Figs. 1(e) and 1(f) (2.30 and 2.89).

As a final look at the case µ ≠ 0, we investigated the sampling
distribution of SR+

n in the two specific situationsµ < 0 andµ > 0.
The values of µ in these cases were selected from Uniform on
[−1, 0] and Uniform on [0, 1], distributions, respectively. Using
these values, the returns were generated as N(µ, Id). Fig. 2 depicts
the resulting simulated sampling distributions.

The values of SR+ for the simulations depicted in Fig. 2(a) and
Fig. 2(b) are 5.18 and −0.01, respectively. The numbers of assets
with a population optimal allocation xj > 0 for the simulations
depicted in Figs. 2(a) and 2(b) are 100 and two. The case µ < 0 is
an extreme one which we would not expect to observe in practice.
The optimisation procedure in this case attempts to select assets
with the least negative mean returns. In the simulations, when
µ < 0 only two assets occurred in the optimal portfolio and there
was a rapid approach of SR+

n to its asymptotic distribution,whereas
when µ > 0 each of the 100 assets had xj > 0 and the approach
to normality was slower. But at 5.18 versus −0.01, the maximum
Sharpe ratio achieved with µ > 0 is considerably higher than that
with µ < 0.
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(a) d = 10, N(µ, Id). (b) d = 100, N(µ, Id). (c) d = 10, N(µ, Σ1(ρ = −0.75)).

(d) d = 100, N(µ, Σ1(ρ = −0.75)). (e) d = 10, N(µ, Σ2(ρ = 0.75)). (f) d = 100, N(µ, Σ2(ρ = 0.75)).

Fig. 1. Comparison of the asymptotic and sampling distributions (based on 10,000 simulations) of SR+

n for various values of nwhen all d components of µ ≠ 0. Returns are
Normally distributed and either uncorrelated, decreasingly correlated with covariance matrix of Type Σ1(ρ), or equicorrelated with covariance matrix of Type Σ2(ρ).
(a) d = 100, µ > 0, N(0, Id). (b) d = 100, µ < 0, N(0, Id).

Fig. 2. Comparison of the asymptotic and sampling distributions (based on 10,000 simulations) of SR+

n for various values of n when all d components of µ are > 0 or < 0.
Returns are Normally distributed and uncorrelated.
4.2. The sampling distribution of SR+

n when µ = 0

To investigate the sampling distribution in the case when all d
components ofµ are zero, returnswere generated asN(0, Σ = Id).
To investigate violations of Normality or independence, returns
were generated as N(0, Σ1(ρ)) (with ρ = −0.75) or from a
Student’s t distribution with 5 degrees of freedom, expected value
0 and covariance matrix Id, denoted T5(0, Id).

Fig. 3 depicts the sampling distributions of SR+

n for various
values of n and d when µ = 0. The corresponding asymptotic
distribution for comparison is in (3.11). Note that, while the
population SR+ is zero, the asymptotic distribution in (3.11) has
expectation given by (3.17), which is positive in these cases.
Figs. 3(a) and 3(b) demonstrate that (3.11) is closely approached
once n ≥ 2500, for large d, and much more rapidly for a small
number of assets (d = 10). Fig. 3(b) illustrates significant bias inSR+

n for small values of n. Figs. 3(c) and 3(d) illustrate the benefits
of diversification when correlations are negative; the asymptotic
distribution in (3.11) (which assumes uncorrelated returns) falls to
the left of the sampling distribution of SR+

n . Perhaps due to the high
negative correlation in Σ1(ρ = −0.75), the observed difference
between (3.11) and the sampling distributions of SR+

n is less than
might be anticipated. Finally, Figs. 3(e) and 3(f) illustrate that (3.11)
appears robust to quite large departures from Normality.

4.3. Distribution of Sd for large d

In Theorem 3.4 it is shown that Sd in (3.11) tends to be
Normally distributed as d → ∞. To gauge the rate of this
convergence, for each value d = 10, 25, 50, 250 and 500 we
generated 1000 samples of size n = 1000 from the distribution
specified in (3.11). The Shapiro–Wilk statistic was then used to
test the null hypothesis that the samples come from a Normal
distribution. The null was rejected 74.2%, 25.4%, 13.2%, 9.0%, 7.9%,
and 6.1% of the time across the 1000 samples, respectively for
d = 10, 25, 50, 100, 250, and 500. These values suggest that the
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(a) d = 10, N(0, Id). (b) d = 100, N(0, Id). (c) d = 10, N(0, Σ1(ρ = −0.75)).

(d) d = 100, N(0, Σ1(ρ = −0.75)). (e) d = 10, T5(0, Id). (f) d = 100, T5(0, Id).

Fig. 3. Comparison of the asymptotic and sampling distributions (based on 10,000 simulations) of SR+

n for various values of nwhen all d components of µ = 0. Returns are
Normally or Student’s t distributed and either uncorrelated or decreasingly correlated with covariance matrix of Type Σ1(ρ).
distribution specified in (3.11) can be considered approximately
normal for d greater than about 100.

In summary, the simulations provide strong support for the
asymptotic distributions (3.10) and (3.11). They also highlight the
importance of the need to develop methods to correct for the bias
of SR+

n .

5. Discussion

In this section we discuss some of the implications of our
findings and some of the advantages and drawbacks of the
analyses.

5.1. Estimation of µ and Σ

We assume only that there are consistent and asymptotically
normal estimators forµ andΣ . Theµn may be obtained in anyway
from a sample of n returns—most likely from a time series analysis
of some sort, whether ARMA, GARCH, stochastic volatility model,
or any other, and the Σn may be obtained by any of the methods
discussed in Section 5.4. Σn need not be the sample covariance
matrix.

Although the Sharpe ratio is in ‘‘studentised’’ form, of the form
‘‘mean divided by standard deviation’’, its limiting distribution in
the case µ ≠ 0 depends on the unknown parameters µ, Σ and the
ξ in (3.2). These can be consistently estimated from data and the
asymptotic variances such as σ 2

A in (3.10) estimated from them.

5.2. Short sales versus no short sales

Both classes, CA, in which short sales are allowed, and C+, short
sales not allowed, are important in practice. Most superannuation
funds, for example, are constrained from short selling, whereas
for many hedge funds, short selling is an important part of the
investment strategy.
Levy and Ritov (2001), following Levy (1983), investigate the
‘‘price’’ of not holding short positions. In their study the Sharpe
ratios when short sales are allowed are compared to those when
short sales are not allowed. They find that for around 100 assets,
the Sharpe ratio can be more than double if the restriction is
removed. Our present results, taken together with those of MDJ
(2010), permit a rigorous comparison of the twomethods. A simple
illustration is given in the Supplemental Section 8, but we reserve
for future study a more detailed investigation.

5.3. Bias of SR+

n

In Maller et al. (2005) SRA
n is shown to be consistent but biased

for SRA. The bias is not surprising, given the highly nonlinear nature
of the optimisation, but in fact SRA

n is shown to be upwardly biased
for SRA, implying that allocationsmade according to theMarkowitz
procedure are likely to be over-optimistic, as is often found in
practice. Maller et al. (2005) give examples of the bias using a data
set of international iShares.

The positive bias of SR+

n as an estimate of SR+ is apparent also
in our simulations in Section 4, and can be large when d is large. In
future workwe hope to exploremethods for dealing with this bias.

5.4. Covariance matrix structure

There are major estimation problems associated with high
dimensional covariance matrices9 and numerous simplified forms
for the sample covariance matrix have been proposed in an
(extensive) Finance literature in an effort to overcome them and
to improve investment performance. These include: (a) a diagonal
covariance matrix; (b) constant or equi-correlation, whereby the

9 Especially—inverting them; cf. Michaud (1989).
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covariance matrix is such that the correlation between pairs of
stocks is constant; (c) single-index and low-dimensional factor
models, such as principal components; (d) shrinkage estimators;
and various others. Most of these methods preserve the diagonal
elements as observed but modify the off-diagonal elements in
some way, replacing them by 0, in the case of diagonalisation, a
single constant, in the equicorrelation case, or some ‘‘moderated’’
versions, in the case of low-dimensional models or shrinkage
estimators.

In making comparisons between methods, a diagonal matrix
is commonly used as a baseline. It is the simplest of the
matrix estimators, and, while it clearly disregards a great deal of
sample information, nevertheless it often performs better than,
for example, the sample covariance matrix. ‘‘Performance’’, in this
context, can be assessed in many ways. An acid test is to make an
out-of-sample prediction, in which the portfolio selected using a
particular estimate is evaluated on new data. Bengtsson and Holst
(2002) compare a number of estimators in this way: the sample
matrix, a shrinkage estimator, certain ‘‘portfolios’’ of estimators
(for example, comprising of an average of the sample matrix,
a single-index matrix and the diagonalised sample matrix), and
the diagonalised sample matrix itself. In terms of realised out-of-
sample standard deviation of return on the optimal portfolio, use
of the diagonal matrix improves on the sample matrix itself, but
does worse (though only by a small margin, about 15%) than the
other versions (Table 3, p. 26 of Bengtsson and Holst (2002)).

In a recent study, Disatnik and Benninga (2007) also compare
the sample matrix, a shrinkage estimator, certain portfolios of
estimators, and the diagonalised sample matrix itself. However,
they use the ex-post standard deviation of the global portfolio
with minimum variance as the assessment criterion, rather than
portfolio performance per se. They find that, in this respect, the
equicorrelation matrix performs just as well as the others. Even
the diagonal matrix does not do substantially worse than the
other versions. (These conclusions apply whether short sales are
allowed, or not—see Exhibits 1 and 3 of Disatnik and Benninga
(2007).)10

For more discussion of the use of the equicorrelation matrix
see, e.g., Ledoit and Wolf (2003, 2004) and other references in
Engle and Kelly (2012). Sharpe (1963) recommends its use as
being ‘‘comparable in performance’’ to shrinkage estimators. See
also Treynor and Black (1973). Levy and Ritov (2011) also use the
equicorrelation matrix in a comparison of short sales versus no-
short sales portfolios. MacKinlay and Pástor (2000) demonstrate
the superiority of the identity matrix over the sample or even the
population covariance matrices in some factor-based asset pricing
models.

5.5. Summary and future research

Our results suggest a number of potentially fruitful avenues
for future research. One is to expand the range of covariance
matrices having Properties P± beyond the equicorrelationmatrices
in Proposition 3.1. Widening the net even further, Lai et al. (2011)
gave a profound generalisation of the Markowitz procedure. It
would be of interest to apply our methods to their model.

Poon et al. (2004) discuss the application of multivariate
extreme value theories to portfolio selection and riskmanagement,
pointing out that the Sharpe ratio has the drawback of penalising
high volatility that is purely driven by occasional high returns.
To avoid this, various ways of downweighting extreme values
have been proposed in the finance literature. This suggests the

10 Of course all such studies are based on simulations from a particular set of data
taken at a particular time; perhaps monthly rather than daily returns are used, etc.
desirability of extending our methods to robust or trimmed
versions of the maximum Sharpe ratio.

Generally speaking, our results can be thought of as adding to
the statistical literature on asymptotics in multivariate analysis.
This is of course voluminous; but, despite its importance in
Finance, other than inMDJ (2010), there appears to have been scant
research on the asymptotic distribution of the Sharpe ratio.11

6. Proofs

All proofs are set out in this section. We begin with the proof of
the overlooked case in Theorem 3.1. Recall Eq. (2.3) of Maller and
Turkington (2002), which gives

SRA
=


+


µTΣ

−1
µ,

if iTΣ−1µ ≥ 0,

+


µTΣ

−1
µ − (iTΣ−1

µ)2/iTΣ−1 i,
if iTΣ−1µ < 0.

(6.1)

6.1. Short sales allowed: Proof of Theorem 3.1, Part (i)(c)

Part (i)(c), the case iTΣ−1µ < 0 and Bµ = 0, was overlooked
in MDJ (2010). So assume these and we will prove (3.7). First note
that Bµ = 0 if and only if µ = ci for a constant c ∈ R (so for the
case iTΣ−1µ < 0 we must have c < 0). Then by (6.1), SRA

= 0.
(A.16) of MDJ (2010) gives, on setting Bµ = 0,

SRA
n = +

µT
nBT (BΣnBT )−1Bµn. (6.2)

Letνn := Bµn ∈ Rd−1 and τn = BΣnBT , a (d − 1) × (d − 1)
matrix. Assuming asymptotic normality of

√
n(µn − µ, Σn − Σ),

we haveνn
P

→ Bµ = 0,τn P
→ τ := BΣBT , and

√
nνn

D
→N(0, τ ).

The (d− 1)× (d− 1) matrix τ is positive definite. To see this, take
any vector u ∈ Rd−1 with |u| = 1 and suppose uTB = 0. Then it is
easy to see from (3.4) that this implies u = 0, a contradiction. So
uTB ≠ 0 and thus uTBΣBTu > 0 (since Σ is positive definite) and
so τ = BΣBT is positive definite. Now, by (6.2),

n(SRA
n)

2
= nνT

nτ−1
n νn

= nνT
n τ−1νn + nνT

n (τ−1
n − τ−1)νn

= nνT
n τ−1νn + oP(1)

D
→ χ2

d−1, as n → ∞.

The last convergence follows since
√
nτ−1/2νn

D
→N(0, Id−1) as

n → ∞. Hence (3.7) is proved. �

Short sales allowed, Proof of Corollary 3.1. Theorem 3.1 shows
that

√
n(SRA

n − SRA) has a proper limit distribution (total mass 1)
under the conditionswe imposed. Suppose SRA

≠ 0. If iTΣ−1µ ≥ 0
the limit is normal by Part (a) of Theorem 3.1. If iTΣ−1µ < 0 we
must have Bµ ≠ 0, since Bµ = 0 would imply µ = ci for some
c , hence SRA

= 0 by (6.1). So again we get a normal limit, this
time by Part (b) of Theorem 3.1. Conversely, suppose the limit is

11 Gibbons et al. (1989) give a test for the ex ante efficiency of a portfolio
assuming normality of asset returns. They proceed by squaring the Sharpe ratio,
thus removing the (all-important) effect of its sign, and reducing it in essence to a
version of Hotelling’s T-squared. See also Shanken (1996) for an extensive survey of
the earlier literature. Jobson andKorkie (1980) derive distributions for the estimates
of the optimal portfolio weights and associated quantities, also assuming normality
of asset returns.
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normal but by way of contradiction, SRA
= 0. If iTΣ−1µ ≥ 0, (6.1)

impliesµ = 0 hence Bµ = 0 and Part (c)(ii) of Theorem 3.1 gives a
contradiction. Suppose iTΣ−1µ < 0. Then µ ≠ 0 and by Part (c)(i)
of Theorem 3.1 we must also have Bµ ≠ 0. But SRA

= 0 implies

µTΣ
−1

µ =
(iTΣ

−1
µ)2

iTΣ−1 i
,

by (6.1), whereas the Cauchy–Schwarz inequality gives

(iTΣ
−1

µ)2 ≤ (iTΣ
−1

i)(µTΣ
−1

µ),

with equality iff µ = ci for some c , in which case Bµ = 0. This
contradiction completes the proof of the corollary. �

6.2. Short sales disallowed, µ ≠ 0: Proof of Theorem 3.2

Assume throughout that d ≥ 2, and (3.2) and (3.3) hold, with
V = Σ in (3.3).

Part (i): Suppose, in addition to (3.2), that µ ≠ 0 and all assets
appear in the population optimal portfolio with positive weights. Let
Rd

∗
:= Rd

\ {0}, and let f denote the function in (2.1), i.e.,

f (x) =
xTµ

√
xTΣx

, x ∈ Rd
∗
. (6.3)

It is shown in Maller and Turkington (2002) that f is uniformly
bounded in Rd

∗
, in fact supx∈Rd

∗
|f (x)| ≤


µTΣ−1µ, and has a

critical pointxCA in CA at which f is a maximum or a minimum
according as the ‘‘Tangent Point Criterion’’ TPC := iTΣ−1µ is
positive or negative.

Maller and Turkington (2002) show that xCA is uniquely
determined unless all components of µ are equal, i.e., µ = ci for
some c ∈ R, or TPC = 0. Consider these cases. When µ = ci and
c > 0 then

sup
x∈CA

f (x) = c
√

iTΣ−1i,

and is achieved for the uniquexCA = Σ−1i/iTΣ−1i. In this case
TPC > 0. When c ≤ 0 then TPC = iTΣ−1µ = ciTΣ−1i ≤ 0. We
conclude thatxCA is uniquely determined unless µ = ci for some
c ≤ 0 in which case TPC ≤ 0.

When TPC ≤ 0 it is shown in Maller and Turkington (2002)
that the maximum of f (x) in CA is at infinity and can be found by
taking the supremum along a direction u ∈ Rd then maximising
over directions u, |u| = 1. Clearly then the supremum of f (x) for
x ∈ C+ would occur on the boundary of the simplex, i.e., having
one ormore zero components. But we have assumed this is not the
case, so we conclude that TPC > 0.

Sinceµ ≠ 0 is assumed, at least one component ofµ is positive,
or else µ ≤ 0 and at least one component of µ is negative. Assume
the former at first. Then SR+ must be positive and in finding the
maximum of f we can restrict attention to x ∈ Rd for which xTµ >

0. The function f is (strictly) quasi-concave on CA ∩ {xTµ > 0}, see
Stoyanov et al. (2007).

LetxC+
be any maximiser of f in C+. Under our assumptions

we must havexC+
=xCA . To verify this, suppose f (xC+

) < f (xCA).
Then the line joiningxC+

andxCA would contain a point xB on the
boundary CA ∩ C+ (thus, having one or more zero components).
Then f (xB) ≤ f (xCA) (since xB ∈ CA), and f (xB) ≤ f (xC+

) (since
xB ∈ C+, and the maximum in C+ is interior). But this is not
possible when TPC > 0 by the quasi-concavity of f . ConsequentlyxC+

= xCA , as claimed, and the unconstrained maximum in CA
actually lies in C+ and is uniquely determined.
Alternatively, if µ ≤ 0 but µ ≠ 0 we can reverse the argument,
as follows. Write

sup
x∈CA

f (x) = sup
x∈CA

xTµ
√
xTΣx

= − inf
x∈CA

xTµ−

√
xTΣx

=: − inf
x∈CA

f −(x), (6.4)

where µ−
:= −µ ≥ 0 but µ−

≠ 0. We still have the original
TPC > 0, so

TPC−
:= iTΣ−1µ−

= −iTΣ−1µ < 0.

Applying the Maller and Turkington (2002) analysis to assets with
mean excess returns µ−, we find that the infimum of f − in CA
occurs at a unique finite value

x−

CA
:=

Σ−1µ−

iTΣ−1µ−
=

Σ−1µ

iTΣ−1µ

such that

inf
x∈CA

f −(x) = −


(µ−)TΣ−1µ− = −


µTΣ−1µ.

Then, according to (6.4),x−

CA
is the uniquemaximiser of f in CA such

that

sup
x∈CA

f (x) = +


µTΣ−1µ.

Further, f − is strictly quasi-convex on CA ∩ {xTµ− > 0} by the
Stoyanov et al. (2007) result. But SR+

≤ 0 sinceµ ≤ 0, soxC+
must

occur on a boundary of C+, and we ruled this out. We concludexC+
=xCA and the maximiser of f in CA lies in C+.
So far we have shown, under the assumptions µ ≠ 0 and all

assets appear in the population optimal portfolio with positive
weights, that necessarily TPC = iTΣ−1µ > 0 and the unique
maximiser of f (x) in CA lies in C+. Since (µn, Σn)

P
→(µ, Σ), the

same properties hold in the sample with probability approaching
1 (WPA1) as n → ∞ for the random function

fn(x) :=
xTµn
xTΣnx

, (6.5)

which thus has a unique maximum atxCA(n), say, in CA, which is
also the unique maximiserxC+

(n) of fn(x) in C+.

For the next step, we will show that, under (3.1),xC+
(n)

P
→xC+

,
as n → ∞, that is,xC+

(n) is consistent forxC+
. LetxC andxC (n) be

any maximisers of f and fn in any subset C ⊆ Rd
∗
. Considersup

x∈C
fn(x) − sup

x∈C
f (x)

 ≤ sup
x∈C

fn(x) − f (x)


= sup
x∈C

 xTµn
xTΣnx

−
xTµ

√
xTΣx


= sup

x∈C

x
Tµ
√

xTΣx −


xTΣnx


√
xTΣx


xTΣnx

+
xT (µn − µ)

xTΣnx


= sup

x∈C
|An(x) + Bn(x)| , say. (6.6)

Now (see (A.4) of Appendix B in Maller et al. (2005))

sup
x∈Rd

∗

|An(x)| ≤


µTΣ−1µ ∥Σ1/2Σ−1

n Σ1/2
− Id∥, (6.7)

and, similarly,

sup
x∈Rd

∗

|Bn(x)| ≤


(µn − µ)TΣ−1

n (µn − µ). (6.8)

In view of (3.1) the righthand sides of (6.7) and (6.8), and hence of
(6.6), are oP(1) as n → ∞, so fn(xC (n)) = f (xC ) + oP(1). Similarly,
we have fn(xC (n)) = f (xC (n)) + oP(1).
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Now take any sequence of integers nk → ∞. The sequence
(xC+

(nk))k≥1 is tight in Rd since all components ofxC+
(nk) lie in

[0, 1]. So we can take a subsequence, also denoted nk, such thatxC+
(nk)

D
→ x0 as k → ∞ for some (possibly random) x0 ∈ C+.

Since f is continuous this implies f (xC+
(nk))

D
→ f (x0) as k → ∞.

The convergence in distribution implies, for δ > 0, ε > 0,

P

f (x0) ≥ f (xC+

) − δ


≥ P

f (xC+

(nk)) ≥ f (xC+
) − δ


− ε

≥ P(f (xC+
(nk)) ≥ f (xC+

) − δ,

fnk(xC+
(nk)) ≤ f (xC+

(nk)) + δ/2) − ε (6.9)

for large k, and provided f (xC+
) − δ is a continuity point of the

distribution of f (x0). Since fn(xC+
(n)) − f (xC+

(n))
P

→ 0, the RHS of
(6.9) exceeds

P

fnk(xC+

(nk)) ≥ f (xC+
) − δ/2


− 2ε (6.10)

for large k. Now by (6.6)–(6.8)

fnk(xC+
(nk)) = sup

x∈C+

fnk(x)

= sup
x∈C+

f (x) + oP(1)

= f (xC+
) + oP(1).

So the expression in (6.10) tends to 1 − 2ε as k → ∞.
Going back to (6.9) and letting k → ∞ then ε ↓ 0 gives
P

f (x0) ≥ f (xC+

)


− δ) = 1. Then letting δ ↓ 0 through values
such that f (xC+

)−δ is a continuity point of the distribution of f (x0)
gives P


f (x0) ≥ f (xC+

)


= 1.
The reverse relation P


f (x0) ≤ f (xC+

)


= 1 holds trivially,
so we get P


f (x0) = f (xC+

)


= 1. The supremum of f (x) is
uniquely determined, as established earlier, so we conclude that
P

x0 =xC+


= 1. This is true for all subsequences so finally we

havexC+
(n)

P
→xC+

, as n → ∞ as claimed.12
SincexC+

> 0 we deduce thatxC+
(n) > 0 WPA1 as n → ∞.

Further, the sample TPCn := iTΣ−1
n µn

P
→ iTΣ−1µ = TPC > 0 as

n → ∞. Then, just as for the population SR+, we can conclude that
the sample maximum in C+ equals the maximum in CA, i.e.,

SR+

n = sup
x∈CA


xTµn
xTΣnx


, WPA1 as n → ∞. (6.11)

Consequently the asymptotic distribution of SR+

n can be read from
Theorem 3.3. Since (µ ≠ 0 and) iTΣ−1µ > 0, only Part (i)(a) of
Theorem 3.3 is relevant. We get (3.10), where

σ 2
A =

AξAT

4µTΣ−1µ
, (6.12)

ξ is defined in (3.3), and A is the 1 × (d + d2)-vector

A =

2µTΣ−1

| −

µTΣ−1

⊗ µTΣ−1
1×(d+d2). (6.13)

(6.12) and (6.13) are obtained from Eqs. (A.12) and (A.14) of MDJ
(2010).

Part (ii): In Part (i) of the proof we assumed µ ≠ 0 and all d assets
are in the population optimal portfolio with positive weights. Next

12 We note that the same argument shows that a maximiserxN (n), uniquely
defined in a boundedneighbourhoodN ofCA , is consistent for its population versionxN .
we consider the case when not all d assets are in the population
optimal portfolio. The idea is to reduce the population by removing
the redundant assets and apply the results in Part (i), but still we
look for conditions on the original µ and Σ which apply to the
maximum Sharpe ratio calculated from the d assets in the sample.
Assume throughout this part that all elements of µ differ, no element
of µ is zero, no element of Σ−1µ is 0, and iTΣ−1µ ≠ 0.

Suppose 1 ≤ m < d assets are in SR+(d) with positive weights,
assumed numbered 1, 2, . . . ,m. So

xC+(d) = [x(m)T
C+(d) 0

T
]
T , (6.14)

where x(m)

C+(d) > 0 ism × 1 and 0 is (d − m) × 1. Partition µ and Σ

conformally to get µ(m) and Σ(m).
We need some expanded notation. For integers k = 1, 2, . . .

let13

CA(k) =

x ∈ Rk, iT x = 1


and C+(k) =


x ∈ Rk, x ≥ 0, iT x = 1


.

Define the functions f k : Rk
∗

:= Rk
\ {0} → R by

f k(x) =
xTµ(k)
xTΣ(k)x

, x ∈ Rk
∗
, (6.15)

and let

SRA(k) = sup
x∈CA(k)

fk(x) and SR+(k) = sup
x∈C+(k)

fk(x). (6.16)

Define sample quantities f kn (x), SRA
n(k), SR+

n (k), analogously to
(6.15) and (6.16).

It is obvious and not difficult to verify analytically that
redundant assets (those with zero allocation in the optimising
vector) can be discarded without affecting the value of the Sharpe
ratio, either in the population or in the sample. So we can write

SR+(d) = SR+(m) = sup
x∈C+(m)

f m(x).

Since we assumed that no element of µ is 0 we have µ(m) ≠ 0,
and since µ(m) ≠ ci, f m(x) is uniquely maximised at an allocationxC+(m). As no components ofxC+(m) are zero we know from Part (i)
of the proof that TPC(m) := iTΣ−1(m)µ(m) > 0,xC+(m) =xCA(m),
SR+(m) = SRA(m), and
√
n
SR+

n (m) − SR+(m)


D
→N(0, σ 2

A (m)), (6.17)

where σ 2
A (m) is given by (6.12) with A, ξ , µ, Σ , replaced by

A(m), ξ(m), µ(m) and Σ(m). A(m) in turn is obtained from
(6.13) with µ and Σ replaced by µ(m) and Σ(m), and ξ(m)
is the (m + m2) × (m + m2) asymptotic covariance matrix of√
n
µn(m) − µ(m), vec(Σn(m) − Σ(m))


expressed in the form

ξ(m) =


Σ(m) G(m)

GT (m) H(m)


.

Since SR+(d) = SR+(m), (6.17) holds with SR+(m) replaced
by SR+(d). To complete the proof of Part (ii) we need to replaceSR+

n (m) by SR+

n (d) also. This is done as follows.
Assume at first that TPC = iTΣ−1µ > 0. ThenxCA(d), the

(unique) maximiser of f d(x) in CA(d), satisfies

xCA(d) =
Σ−1µ

iTΣ−1µ
.

By assumption Σ−1µ has no zero elements, soxCA(d) has no zero
elements. Further,xCA(d) cannot lie in the interior of C+(d) since

13 Recall that the length of the vector i is defined by its context.
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then we would have m = d; but we assumed m < d. We deduce
thatxCA(d) lies in C c

+
(d), the complement of the closed simplex

C+(d).
Now considerxC+(d), the maximiser of f d(x) in C+(d), which

has the form (6.14), where x(m)

C+(d) > 0. We claim that, WPA1 as
n → ∞, the maximiserxC+(d)(n) of f dn (x) in C+(d) has the same
form, namely,

xC+(d)(n) = [x(m)T
C+(d)(n)0

T
]
T , (6.18)

where x(m)

C+(d)(n) is m × 1 and 0 is (d − m) × 1. We restrict
consideration from now on to an event of probability >1 − ε,
ε ∈ (0, 1), and n large. On this event we can assumex(m)

C+(d)(n) > 0
becausexC+(d)(n) is consistent forxC+(d). We need to verify that the
last d−m elements ofxC+(d)(n) are zero (on this event). Suppose by
way of contradiction that elementsxm+1(n), . . . ,xq(n) (in addition
to the elementsx1(n), . . . ,xm(n)) are positive and the remaining
d − q elements are 0. The maximiser of f d over the subspace of CA
with these elements set equal to zero is

sup
x∈CA(d), xq+1=···=xd=0

f d(x) = sup
x∈CA(q)

f q(x) =xCA(q).

This is uniquely defined (because µ(q) ≠ ci for any c) and lies in
C c

+
(q), the complement of C+(q), which is an open set. So there

is a nonempty compact neighbourhood N (xCA(q)) ofxCA(q) lying
entirely within C c

+
(q). We established in Part (i) that a sample

maximiserxN (n), uniquely defined in a compact neighbourhood
N of CA, is consistent for its population versionxN . So we reach
a contradiction, becausexC+(q)(n) is also the maximum of f dn in
CA(d) ∩ {xq+1 = · · · = xd = 0}, which lies in the neighbourhood
N (xCA(q)), WPA1 as n → ∞. So (6.18) holds.

Having established (6.18), we can infer SR+

n (d) = SR+

n (m) on an
event with probability exceeding 1 − ε, then from (6.17) we get
(3.10).

Finally, assume iTΣ−1µ < 0. The same is true in the sample
WPA1 so iTΣ−1

n µn < 0 WPA1. Restricting to sample points for
which this is the case, one ormore components, the lastm+1,m+

2, . . . , d say, ofxC+(d)(n) are 0 (since the maximum of f dn occurs at
infinite values). Eliminate these redundant assets from the sample
so we are left with all positive components inxC+(m)(n). As argued
previously this means that iTΣ−1

n (m)µn(m) > 0 and since we
assumed µ(m) ≠ 0 we also have µn(m) ≠ 0 WPA1 as n → ∞.
Also, SR+

n (d) = SR+

n (m) since eliminating redundant assets does
not change the value of the Sharpe ratio. So we can follow the
previous analysis to get (3.10) again. �

6.3. Short sales disallowed, µ = 0: Proof of Theorem 3.3

We now turn to the proof when µ = 0, proceeding via a couple
of propositions. The first is Lemma 1 ofMDJ (2010)whichwe quote
here for convenience, but omit the proof.

Proposition 6.1. Define SRn by (2.5). Assume µ = 0, suppose thatΣn
P

→ Σ as n → ∞, where Σ is positive definite, and that

√
nµn

D
→ N(0, V ) (6.19)

for a symmetric positive definite matrix V . Then, as n → ∞,

√
nSRn

D
→ sup

x∈C


xTV 1/2N
√
xTΣx


. (6.20)

The next proposition calculates the distribution in (3.11). Recall
that N = (N1, . . . ,Nd) is a standard normal d-vector and Φ(·) is
the cdf of any of the Nj.
Proposition 6.2. The random variable

Sd := sup
y≥0,|y|=1

(yTN) (6.21)

has the distribution specified in (3.11).

Proof of Proposition 6.2. Given integers m = 1, 2, . . . and 1 ≤

i1 < i2 < · · · < im ≤ d, let U(i1, i2, . . . , im) be a d × d
matrix with ones in positions i1, i2, . . . , im on the diagonal and
zeroes everywhere else. The U(·) are idempotent and commute
with diagonal matrices. Let M = 0, 1, . . . , d be the number of
positive components of the random vector N . When M ≥ 1, let
I1 < I2 < · · · < IM index those components; thus, NIj > 0,
j = 1, 2, . . . ,M , and Nj ≤ 0, j ∉ {I1, . . . , IM}. When M = 0, we
have Nj ≤ 0 for 1 ≤ j ≤ d.

When M ≥ 1 argue as follows. With y = (y1, . . . , yd), we have

sup
y≥0,|y|=1

(yTN) ≤ sup
y≥0,|y|=1

(yI1NI1 + · · · + yIMNIM )

= sup
y≥0,|y|=1

(yTU(I1, . . . , IM)N)

= |U(I1, . . . , IM)N|. (6.22)

The last equality follows because all components of the vector
U(I1, . . . , IM)N are non-negative (not necessarily positive) so its
maximum projection in directions y when y ≥ 0 equals its
modulus. Now for the choice

y =
U(I1, . . . , IM)N
|U(I1, . . . , IM)N|

we have y ≥ 0, |y| = 1 and

yTN =
NTU2(I1, . . . , IM)N
|U(I1, . . . , IM)N|

= |U(I1, . . . , IM)N|,

so the supremum on the lefthand side of (6.22) is attained for this
y.

WhenM = 0, or, equivalently, N < 0, then

sup
y≥0,|y|=1

(yTN) = −min(|N1|, . . . , |Nd|) = max(N1, . . . ,Nd).

Now calculate the distribution of Sd as follows. For −∞ < x <
∞

P (Sd ≤ x) =

d
m=1

P (S ≤ x,M = m) + P (S ≤ x,M = 0)

=

d
m=1


1≤i1<···<im≤d

P (S ≤ x,M = m, I1 = ii, . . . , Id = id)

+ P (max(N1, . . . ,Nd) ≤ x,M = 0)

=
1
2d

d
m=1


1≤i1<···<im≤d

P (|U(i1, . . . , iM)N| ≤ x)

+
1
2d

1{x≥0} + Φd(x)1{x<0}

=
1
2d

d
m=1


d
m


P (|(N1, . . . ,Nm)| ≤ x) +

1
2d

1{x≥0}

+ Φd(x)1{x<0}

=
1
2d

d
m=0


d
m


P


χ2
m ≤ x


+ Φd(x)1{x<0}

(in the last step recall that χ2
0 ≡ 0). This completes the proof. �
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For the next proposition, let V be a positive definitematrix withV := diag(V ), and define RV = V−1/2VV−1/2. Let V 1/2 be the
symmetric square root ofV with positive elements on the diagonal,
so that R1/2

V = V−1/2V 1/2 is the symmetric square root of RV .

Proposition 6.3. For any d-vector A (possibly random)

sup
x∈C+


xTV 1/2A
√
xTVx


= sup

x∈C+


xTR1/2

V A
xTRV x


. (6.23)

Proof of Proposition 6.3. Take x ∈ C+, so x ≥ 0 and iT x = 1, and
henceV 1/2x > 0 and iTV 1/2x > 0 (becauseV 1/2 is diagonal, with
positive elements on the diagonal). Define

y = y(x) =

V 1/2x

iTV 1/2x
,

so that y ≥ 0 and iTy = 1. Thus y ∈ C+ and so

xTV 1/2A
√
xTVx

=
yTR1/2

V A
yTRV y

≤ sup
y∈C+


yTR1/2

V A
yTRV y


.

Since this is true for any x ∈ C+, the left hand side of (6.23) is no
larger than the right hand side of (6.23). In the other direction, take
any y ∈ C+, and let

x = x(y) =

V−1/2y

iTV−1/2y
,

to see that x ≥ 0, iT x = 1 and

yTR1/2
V A

yTRV y
=

xTV 1/2A
√
xTVx

≤ sup
x∈C+


xTV 1/2A
√
xTVx


.

Hence the right hand side of (6.23) is no larger than the left hand
side of (6.23). We conclude that these quantities are equal, thus
proving (6.23). �

Proof of Theorem 3.3. Assume (3.2) with µ = 0, so that
√
nµn

D
→N(0, Σ) and Σn

P
→ Σ as n → ∞, where Σ is positive

definite, and take C = C+. Since µ = 0, Proposition 6.1 with
V = Σ and C = C+ shows that

√
nSRn

D
→ sup

x∈C+


xTΣ1/2N
√
xTΣx


.

By Proposition 6.3 with V = Σ , RV = R and A = N , this implies

√
nSRn

D
→ sup

x∈C+


xTR1/2N
√
xTRx


. (6.24)

Designate the random variable on the RHS of (6.24) as Td. Thus,√
nSRn converges to Td in distribution. The next step is to show that

Td is stochastically smaller than the random variable Sd defined in
(6.21) when R has Property P+, i.e., satisfies (3.14). Assume this
property, take x ∈ C+ and define y = y(x) by

y(x) :=
R1/2x
√
xTRx

.

Then, by (6.24),

Td = sup
x∈C+


xTR1/2N
√
xTRx


= sup

x∈C+

(yT (x)N),
in which |y(x)| = 1. Since R has Property P+, we have y(x) ≥ 0. So
for all a ∈ R

P(Td ≤ a) = P


sup
x∈C+

xTR1/2N
√
xTRx

≤ a



= P

xTR1/2N
√
xTRx

≤ a for all x ∈ C+


= P


yT
+
(x)N ≤ a for all x ∈ C+


≥ P


sup

y≥0,|y|=1
(yTN) ≤ a


= P(Sd ≤ a). (6.25)

This shows that Sd is a stochastic upper bound for Td, as claimed.
In the converse direction, assume rather that R has Property P−,

i.e., satisfies (3.15). Take y ∈ Rd, y ≥ 0, |y| = 1, and let

x(y) :=
R−1/2y
iTR−1/2y

.

(3.15) as stated implies the stronger version R−1/2y > 0, because
R−1/2y = 0 would imply yTR−1/2y = 0, with |y| = 1, which is
not possible since R−1/2 is positive definite. Thus iTR−1/2y > 0, and
then since x(y) ≥ 0, while iT x(y) = 1, we have x(y) ∈ C+. Also

xT (y)Rx(y) =
yTy

(iTR−1/2y)2
=

1
(iTR−1/2y)2

,

and so

yTN = (xT (y)R1/2N)(iTR−1/2y) =
xT (y)R1/2N
xT (y)Rx(y)

and

sup
y≥0,|y|=1

(yTN) ≤ sup
x∈C+

xTR1/2N
√
xTRx

.

From this it follows that Sd is stochastically smaller than Td.
Combined with (6.25) this proves that Td has the same distribution
as Sd under (3.14) and (3.15). �

6.4. Proofs of Proposition 3.1 and Eq. (3.18)

Proof of Proposition 3.1. Suppose R is of the form in (3.16). For a
valid correlation matrix, we require 1 > ρ > −1/(d−1). R can be
decomposed as

R = (1 − ρ)


Id −

1
d
Jd


+

1
d

(1 + (d − 1)ρ) Jd,

(recall that Jd denotes a d × d matrix with each element equal to
1). R has symmetric square root

R1/2
=

1 − ρ


Id −

1
d
Jd


+

√
1 + (d − 1)ρ

d
Jd,

inverse

R−1
=

1
1 − ρ


Id −

1
d
Jd


+

1
d (1 + (d − 1)ρ)

Jd,

and inverse (symmetric) square root

R−1/2
=

1
√
1 − ρ


Id −

1
d
Jd


+

1
d
√
1 + (d − 1)ρ

Jd.

Thus, for y ≥ 0, |y| = 1,

R1/2y =

1 − ρ (y − ȳi) +


1 + (d − 1)ρ × ȳi

=

1 − ρy +


1 + (d − 1)ρ −


1 − ρ


ȳi, (6.26)
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where i is a d-vector with each element equal to 1 and ȳ = (y1 +

· · · + yd)/d > 0. The RHS of (6.26) is non-negative for all y if and
only if ρ ≥ 0.

Similarly, for y ≥ 0, |y| = 1,

R−1/2y =
1

√
1 − ρ

(y − ȳi) +
1

√
1 + (d − 1)ρ

× ȳi

=
1

√
1 − ρ

y +

√
1 − ρ −

√
1 + (d − 1)ρ

√
(1 − ρ)(1 + (d − 1)ρ)

ȳi. (6.27)

The RHS of (6.27) is non-negative for all y if and only if ρ ≤ 0. �

Proof of (3.18). Note that
√
2

2d

d
m=1


d
m


=

√
2

2d

d
m=0


d
m


−

√
2

2d
=

√
2 −

√
2

2d
,

while
∞

0
(1 − Φ(x))ddx ≤

1
2d−1


∞

0
(1 − Φ(x))dx

=
1

2d−1

1
√
2π


∞

0
xe−x2/2dx (integrate by parts)

=
1

√
2π

1
2d−2


∞

0
ye−y2dy

=
1

√
2π

1
2d−1

.

Subtracting the two expressions we easily find (3.18). �

6.5. Short sales disallowed: More about the case µ = 0

Recall Proposition 7.1, in which take C = C+ and V = Σ and
make the transformation x = Σ−1/2y to write the RHS of (6.20) as

sup
x∈C+


xTΣ1/2N
√
xTΣx


= sup

Σ−1/2y∈C+


yTN
|y|


. (6.28)

The RHS of (6.28) equals

sup
Σ−1/2z≥0,|z|=1

(zTN). (6.29)

To see this, let z = y/|y| in (6.28) to see that the RHS of (6.28) does
not exceed the RHS of (6.29). In the other direction, take z ∈ Rd

so that Σ−1/2z ≥ 0, |z| = 1, and note that iTΣ−1/2z = 0 is not
possible; since Σ−1/2z ≥ 0 it would imply all elements of Σ−1/2z
are 0, hence z = 0; but |z| = 1. So iTΣ−1/2z ≠ 0 andwe can define

y =
z

iTΣ−1/2z

which has Σ−1/2y ≥ 0, iTΣ−1/2y = 1, hence Σ−1/2y ∈ C+. Thus
the RHS of (6.29) does not exceed the RHS of (6.28) and so these
expressions are equal.

From this we conclude that the RHS of (6.20) with V = Σ

has the distribution of the random variable in (6.29), where N is
N(0, Id). The expression in (6.29) simplifies under the conditions
of Theorem 3.4, but in general depends on the conformation of Σ

in a complicated way.

6.6. Short sales disallowed: µ = 0 and d large

Proof of Theorem 3.4. In view of (3.11) we can write

P (Sd ≤ a) = P


χ2
Bd

≤ a


+ o(1), (6.30)
as d → ∞, for a ∈ R, where Bd is a Binomial (d, 1/2) random
variable independent of theχ2 random variable.We can show that

χ2
Bd

−
√
d/2 is asymptotically normal as d → ∞. For this, note

that, separately,
√
2


χ2
d −

√
d


and 2
√
2


Bd −

d/2


are asymptotically standard normal as d → ∞. Recall that Φ(x)
denotes the standard normal cdf and write, for x1, x2 ∈ R,

P
√

2


χ2
Bd

−


Bd


< x1, 2

√
2


Bd −

d/2


> x2


=


√
m>x2/2

√
2+

√
d/2

P


χ2
m −

√
m ≤ x1/

√
2

P (Bd = m)

=


√
m>x2/2

√
2+

√
d/2


P


χ2
m −

√
m ≤ x1/

√
2


− Φ(x1)


× P (Bd = m) + Φ(x1)P


Bd −

d/2 > x2/2

√
2


→ Φ(x1)(1 − Φ(x2)), as d → ∞.

This proves the joint convergence√
2


χ2
Bd

−


Bd


, 2

√
2


Bd −

d/2


D

→N(0, I2),

and then from

Sd −

d/2 =


χ2
Bd

−


Bd


+


Bd −


d/2


+ oP(1)

(via (6.30)) we get the asymptotic normality of Sd. �

7. Examples

Here we illustrate some of the situations that can arise in
Theorem 3.2 and the remark following it.

Example 1. Consider the following example with µ > 0 but
iTΣ

−1
µ < 0. Take d = 3, µ = (0.1, 1, 0.5) and

Σ =

1 2 0
2 5 0
0 0 1


, which has Σ−1

=

 5 −2 0
−2 1 0
0 0 1


(7.1)

and iTΣ
−1

µ = −0.2. This setup has a population maximum
Sharpe ratio with no short sales of SR+

= 0.67 for the allocationxC+
= (0, 0.29, 0.71). Thus, Asset 1 is redundant in the population.

But all elements of µ differ and none are zero so Part (ii) of
Theorem 3.2 applies to give asymptotic normality of a sample SR+

n
constructed from asymptotically normal (µn, Σn).

Knowing the population parameters here, we can analyse
further. Suppose instead µ = (0, 1, 0.5) with the same Σ . (This
is the example in Maller and Turkington (2002); iTΣ

−1
µ changes

to−0.5.)We again find that Asset 1 is redundant, so themaximum
Sharpe ratio remains at SR+

= 0.67 for the same allocationxC+
=

(0, 0.29, 0.71). Eliminating the redundant Asset 1, we have an
asset set of sizem = 2, with µ(m) = (1, 0.5),

Σ(m) =


5 0
0 1


, and Σ−1(m) =

1
5

0
0 1


. (7.2)

Now iTΣ−1(m)µ(m) = 0.7 > 0, and both assets are included in
the optimum allocation, sowe get asymptotic normality of SR+

n (m)
according to Part (i) of Theorem3.2. This part of the example shows
that the conditions in Part (ii) of Theorem 3.2 are sufficient but not
necessary for the asymptotic normality of SR+

n .
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(a) d = 10, N(µ, Id). (b) d = 100, N(µ, Id). (c) d = 10, N(µ, Σ1(ρ = −0.75)).

(d) d = 100, N(µ, Σ1(ρ = −0.75)). (e) d = 10, N(µ, Σ2(ρ = 0.75)). (f) d = 100, N(µ, Σ2(ρ = 0.75)).

Fig. 4. Comparison of the sampling distribution of SR+

n (based on 10,000 simulations) when all d components of µ ≠ 0 and short selling is either allowed (black) or not
allowed (red). The vertical lines correspond to the respective values of SR. Returns are Normally distributed and either uncorrelated, decreasingly correlated with covariance
matrix of Type Σ1 , or equicorrelated with covariance matrix of Type Σ2(ρ).
Example 2. Suppose µ = (0, 0, −1, −1) ∈ R4 and Σ = I4.
The optimal allocation isxC+

= (1/2, 1/2, 0, 0). Here µ ≠ 0
but some elements ofxC+

are zero. Eliminating redundant assets
leaves an asset set of size m = 2, with reduced µ and Σ given
by µ(m) = (0, 0) and Σ(m) = I2. The optimal allocation
is xC+(m) = (1/2, 1/2). This is the situation described in the
remark following Theorem 3.2. We can apply Theorem 3.4 to the
reduced population consisting of the first two assets. Since Σ(m)

is diagonal,
√
nSR+

n (m) has the asymptotic distribution in (3.11),
with d = 2.

Example 3. Take µ = (0, −1, −1, −1) ∈ R4 and Σ = I4, thenxC+
= (1, 0, 0, 0) and the reduced population consists of a single

asset. Herem = 1 and the corresponding SR+

n (m) is asymptotically
normal.

8. Supplemental section—comparing short sales with no short
sales

Fig. 4 provides a comparison of the sampling distribution of SR+

n
when short sale constraints are imposed versus not imposed. As
expected, based on the results of the present paper and those of
MDJ (2010), the sampling distributions are approximately normal.
We observe that the difference in the maximal achievable Sharpe
ratio between short sales allowed or not can be large, and the
difference increases as d increases. Interestingly, the difference in
the maximal achievable Sharpe ratio increases markedly as the
possibilities for diversification decrease, as we see from the case
where Σ = Σ2(ρ) with ρ = 0.75. In this situation, short-
selling in effect creates long-short portfolios which take advantage
of the high positive correlation. Figs. 4(e) and 4(f) illustrate how
effective this can be in increasing return relative to risk. To put
it another way, the impact of disallowing short-selling becomes
more pronounced as the stocks becomemore positively correlated
as is exemplified by moving from Σ = Σ1(ρ) with ρ = −0.75 to
Σ = Σ2(ρ) with ρ = 0.75. The potential value of our asymptotic
results in attempting to quantify this effect is apparent.
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